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New Improved Model and Accurate Analytical Response
of S1iPMs Coupled to Read-Out Electronics

Davide Marano, Giovanni Bonanno, Salvatore Garozzo, Alessandro Grillo, and Giuseppe Romeo

Abstract—In this letter, a recently published model of silicon
photomultiplier (SiPM) sensors is profitably extended to include
the important effects of the read-out electronics on the shape of
the output pulse waveforms. An improved analytical expression
has been developed, also accounting for the loading effect and
bandwidth limitation of the coupled front-end, through which
the SiPM dynamic response can be accurately reproduced and
predicted. Experimental tests on actual detection systems
corroborate the SiPM model and the analytical results.

Index Terms— Analytical model, dynamic response, front-end
electronics, pulse waveform, SiPM sensors.

I. INTRODUCTION

ILICON photomultiplier sensors (SiPM) have been
S recently gaining widespread diffusion within the fields of
high-energy physics, nuclear medicine, and astrophysics.

The rising number of perspective applications requiring
optimal dynamic speed and single photon time resolution,
along with the ensuing demand for suitable integrated
front-end systems, have provided research motivation for
accurate analytical studies on the SiPM response to incident
photons [1]-[6].

Knowledge and prediction of the output pulse shape is
crucial for an optimal design of SiPM read-out architectures,
allowing designers to select the best characteristics of the
front-end electronics for optimizing overall time performance
based on specific application requirements.

This letter improves and completes the analytical
investigation of the SiPM dynamic response in [1],
accounting for the loading effect and bandwidth restriction
of the coupled read-out electronics, that may sensibly affect
single photoelectron resolution and timing capabilities of the
detection system.

II. IMPROVED SiPM ANALYTICAL MODEL

The equivalent electrical circuit of a SiPM sensor coupled
to the front-end electronics is depicted in Fig. 1.

The SiPM model is able to simulate the discharge of Ny
active pixels over a number N of total microcells. The circuit
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Fig. 1. Complete electrical model of SiPM and front-end electronics.

is divided into an active component for the N fired pixels
and a passive part for the N, = N — Ny unfired microcells.
For a single cell, C; is the junction capacitance of the inner
depletion layer, R, and C, are respectively the quenching
resistance and stray capacitance, and C, accounts for the
parasitic interconnect capacitance across the SiPM terminals.
The equivalent circuit of the front-end electronics relies on
the traditional single-pole system model of a generic read-out
pre-amplifier, where R;, and C;, are respectively the amplifier
equivalent input resistance and capacitance, g, R, is the
DC gain, whilst R,,;C,,; is the reciprocal of the —3dB cut-off
frequency resulting from dominant-pole approximation.
Avalanche discharges of the firing cells are modeled by the
current source i (t), which abruptly reaches its peak amplitude
Ip, depending on the excess bias voltage Vpy over breakdown,
and exponentially drops with a circuit-dependent decay time
constant 74. For a single fired cell, i(¢) can be expressed by

Vov
d
where Ry is the inner resistance of the space-charge regions.

The trans-resistive small-signal transfer function of the
circuit in Fig. 1 as a function of the complex frequency s is

Vour (s) 1+bys
I(s) (14 ais + azs?) (1 + aps)’
with A = gy Rin Rout, b1 = RyCqy, ao = Rout Cour, and
a1 = Ry (Cqa+ Cy) + Rin [Cin + N (Ca + Ci)], (3)
ay = RinRy [NCaCy + (Cin + NC») (Ca+Cp)]. (4

—-L _—
(1)~ lpe @ =——e FalCatc), (1

F(s) = )

Being al2 > 4a for any values of the passive elements, the
above transfer function can be rewritten as
1+s7,
(14 s7p1) (14 57p2) (1 + 5T0ur)”

in which 7, = by, 75, = ag, and

1
Tl T = 5 (m +/a? —4a2). (6)

F(s)=A 5)
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Fig. 2. Complete and approximated analytical expressions of the SiPM
recharging time constant 7, as a function of the front-end input resistance
R;; and for different values of the input capacitance Cjj,.

Solving (2) for V,,;(s), substituting the s-domain expression
of i(¢) in (1), and then inverse Laplace transforming, the final
SiPM transient response is derived as follows

Vour (1)
=k (Ade’if + Aple_rélTl + Apze_’r+2 + Aou,erulT),
)
with k = Alpry, and the four exponentials coefficients
given by
Ay = td (ta — 72) ®)

(ta — tp1) (ta — 7p2) (ta — Tour)’

Tpl (Tpl - TZ)

Ay = ) )
. (zp1 = 7a) (7p1 — 7p2) (Tp1 = Tour)
2 (7p2 — 72)
Apr = ) (10)
r (Tp2 - Td) (TPZ - Tpl) (TPZ - Tout)
Ay = Tour (Tour — Tz) (11)

(Tour — 74) (Tout - Tpl) (Tout - Tp2)

The new SiPM output response is a quadruple-exponential
function that truly reproduces the typical rising (zq),
quenching (z)2), and recovery (z,1) phases of the generated
pulse, including the contribution of the front-end electronics.

For 7,4 = 0, as easily provable, Ay, Ap1, Ap2 and oy (f)
expressions in (7)-(11) reduce to the relevant ones in [1].

Comparing denominators of (2) and (5) leads to
a1 = 1p1 + 1p2 and az = 7p17p2, from which, assuming
Tp1 > 12 yields 1,1 & a1 and 7,2 ~ az/a;. Thus, neglecting
Cn, a useful estimation of 7, is

Tpl ~ Rq (Cd + Cq) + Rin (Cin + NCd) . (12)

The complete and approximated expressions of 7,1,
respectively in (6) and (12), as a function of the front-end input
resistance and for different values of the input capacitance,
are plotted in Fig. 2, which shows a roughly linear growth of
the SiPM recharging time constant as a function of R;;,, with
marginal deviations versus Cjj,.

In Fig. 3 the SiPM output voltage v,,,(¢) is plotted upon
the same pre-amplifier gain and different cut-off frequencies
and input resistances, for a single firing cell and typical
parameter values. The rise time and peak amplitude of the
output pulse are found to be directly affected by the electronics
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Fig. 3. Analytical SiPM output pulses: a) for R;;, = 50Q and different values
of the pre-amplifier bandwidth f, and b) for two different bandwidths and
rising values of R;, (Voy = 0.88V, N = 3600, R; = 1kQ, R; = 300kQ,
C4 = 80fF, C4 = 10fF,Cy, = IfF, Cj, = 1pF, gm Rour = 350).

bandwidth, f. Also, the rise time is almost independent
of Rji,, while the functional relationship between the peak
amplitude and Rj, is strongly dependent on f, i.e., the higher
the bandwidth is, the lower the pulse peak increases with Riy;
ideally, for f — oo, the peak value is verified to be almost
independent of R;,.

In addition, the charge released by the fired pixels, which is
proportional to the area underneath the curves, is independent
of 7,4, and thus is not affected by the amplifier bandwidth.

The above results are believed to be particularly important,
especially for the growing number of applications demanding
best theoretical time performance, dynamic range, and photon
number resolution of the whole detection system.

III. EXPERIMENTAL MODEL VALIDATION

To confirm the effectiveness of the achieved results, simula-
tions and laboratory measurements are carried out on physical
devices and different read-out systems with known characteris-
tics. Analytical and measured output time responses to a dark
pulse are compared for a 3 x 3-mm? Hamamatsu detector,
featuring a 50-um cell size and 3600 pixels. Tests are per-
formed at room temperature, using two voltage pre-amplifiers
with 300-MHz and 50-MHz nominal closed-loop bandwidths
and equal 50-Q input resistance. Calibrated cabling systems
are used to minimize coupling inductances and capacitances.

Model parameters are assessed based on experimental tests
performed through specific characterization protocols [7], [8].

Model parameters of the read-out section in Fig. 1 are
obtained from the knowledge of the specific amplifier adopted.
The input capacitance C;, is available from the manufacturer
datasheet, and the input and output resistances, R;, and R,y;
respectively, along with the —3dB small-signal bandwidth f
are obtained from the simulation model once the desired
amplifier configuration and closed-loop gain A are selected.
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Fig. 4. Analytical and experimental (averaged) SiPM dark output responses
using two read-out voltage pre-amplifiers with different bandwidths.

So, from equation A = g, R, parameter g, is derived,
while the value of C,,; is extracted through the expression
S =1QCx Rout Cour).

For a single dark pulse, data outputs of both analytical and
experimental voltage pulses are merged in Fig. 4 for the same
pre-amplifier gain factor. As inspected, a good curve fitting
is obtained, thus cross-checking the developed analysis. The
inset plot in Fig. 4 also shows the ideal response for f — oco.

IV. CONCLUSION

In this contribution, the validity of a previously presented
SiPM analytical model is extended to account for the
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characteristics of the read-out electronics. It is confirmed
that both loading effects and bandwidth restrictions play
a relevant role in the determination of the output pulse
shape.
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